The gravitational properties of the neutrino is studied in the weak field approximation. By imposing the hermiticity condition, CPT and CP invariance on the energy-momentum tensor matrix element, we shown that the allowed gravitational form factors for Dirac and Majorana neutrinos are very different. In a CPT and CP invariant theory, the energy-momentum tensor for a Dirac neutrino of the same specie is characterized by four gravitational form factors. As a result of CPT invariance, the energy-momentum tensor for a Majorana neutrino of the same specie has five form factors. In a CP invariant theory, if the initial and final Majorana neutrinos have the same (opposite) CP parity, then only tensor (pseudo-tensor) type transition are allowed.
Introduction
If a neutrino has mass, then the question of whether the neutrino is a Dirac or Majorana type particle arise naturally. This is because the neutrino may be its own anti-particle (Majorana particle). The difference between a Dirac and Majorana neutrino is clearly exhibited in the neutral current interaction process [1] , observation of neutrinoless double beta decay, and in their electromagnetic properties [2, 3] . For example, a spin 1/2 Majorana neutrino can only have the anapole moment form factor if CPT invariance holds. This result was generalized to an arbitrary half integral spin Majorana fermion in Ref. [4] , and an arbitrary spin Majorana fermion in Ref. [5] .
However, there are relatively few discussions on the gravitational properties of a spin 1/2 fermion [6, 7] . In this paper, we extend their work by performing a complete study of the gravitational properties of the neutrino. In section 2, we present a general analysis of the energy-momentum tensor θ αβ matrix element between two spin 1/2 neutrinos. Using the Dirac equation, the symmetric properties of θ αβ and the energy-momentum conservation condition, we arrive at the most general expression for the gravitational form factors of the neutrino. By imposing the hermiticity condition, CPT and CP invariance on the θ αβ matrix element, we obtained certain conditions on the gravitational form factors for the neutrino. We summarize the results in section 3. 
Gravitational form factors of the neutrino
In this section we study the allowed form of the couplings for the energymomentum tensor θ αβ matrix element between two neutrino states. We carry out the analysis in the weak field approximation,
where η αβ is the flat space-time metric, h αβ is the graviton field, and κ = 32πG.
In our paper we closely follow the notations used in Ref. [3] .
A. General analysis
Consider the invariant amplitude for the process ν i → ν f + g, where ν i and ν j are two Dirac neutrinos with masses m i and m j (m i > m f ) and g is the graviton (virtual or real). The transition amplitude for this process is given by
where |ν i > and < ν f | are the initial and final neutrino states respectively, and (Γ αβ ) f i is the dressed vertex function that characterizes the above invariant amplitude.
Lorentz invariance implies that the vertex function in general can have twentyfour types of coupling: twelve tensor types and twelve pseudo-tensor types. The twelve possible tensor types of coupling have the following forms:
{σP P } αβ , {σP q} αβ and {σP γ} αβ , where we have suppressed the Lorentz indicies, {} αβ denote symmetrization over the indices α and β,
The pseudo-tensor types of coupling are obtained by the addition of a γ 5 factor.
Using the Dirac equation, (γ µ p µ − m)u = 0, one obtains identities which relate the various types of coupling (like the Gordon decomposition relation), and hence reduces the number of independent couplings. We collect these relations in the appendix. Thus, the energy-momentum matrix element between two Dirac neutrino states may be written as
where T = T (q 2 , m i , m f ) and P = P (q 2 , m i , m f ) are the tensor and pseudo-tensor types form factors respectively.
Conservation of the energy-momentum tensor (q β θ αβ = 0) implies the following relations among the form factors,
where M if = m i + m f , and δm 2 f i = m 2 f − m 2 i . Lorentz invariance and energymomentum conservation imply that for q 2 = 0, the general form for the energy-5 momentum martix element between two neutrinos states is given by
For the same neutrino flavor m i = m f , the solutions for eq.(2.4) to eq.(2.9) are
Thus the energy-momentum matrix element is reduced to
This result agrees with Ref. [6, 7] except the P 4 term. In analogy to the electromagnetic form factors, T 6 is called the anomalous gravitational magnetic moment form factor, P 4 the gravitational anapole moment form factor, and P 6 the gravitational dipole moment form factor [6] .
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B. Gravitational form factors of a Dirac neutrino
The energy-momentum tensor θ αβ is proportional to p α p β [8] , where p α = (ip 0 , p), whereas the hermiticity of the energy-momentum tensor operator is given by, θ † αβ = η α η β θ αβ . The hermiticity condition implies
where η α = (−1, 1, 1, 1). As a result of hermiticity, we have
This implies the following relations among the gravitational form factors,
and
For the off-diagonal case, ν f = ν i , hermiticity does not put any restriction on the form factors. For the diagonal case, hermiticity requires that all the form factor are real except for T 6 and P 1 .
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Under the CPT transformation, θ αβ CP T −→ θ αβ and
In terms of the Dirac spinor, the left-handed side of eq.(2.16) can be written as
and u CP T (p) is the CPT conjugate of the spinor u(p),
where V T is the time-reversal matrix, t denotes the transpose operation, and Γ αβ is the vertex function describing the process ν i → ν f + g, where ν denotes the anti-neutrino state.
Using Eq.(2.17) and the transformation properties of the gamma matrices under the operators C and V T in Eq.(2.16), we obtain
As a result of CPT invariance, we obtained the following relations among the form
Under the CP transformation, θ αβ
The left-handed side of eq.(2.22) is given by If CP invariance holds, we obtain the following relations among the form factors,
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(T 1 , T 2 , T 6 , P 1 , P 2 , P 6 ) f i = (−T 1 , −T 2 , T 6 , P 1 , P 2 , −P 6 ) f i (2.26) and (T 1 , T 3 , T 6 , P 1 , P 4 , P 6 ) ii = (−T 1 , −T 3 , T 6 , P 1 , P 4 , −P 6 ) ii . (2.27)
For the diagonal case, it follows from the CPT and CP invariance that P 1ii =
